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|l eNote 12

Linear Transformations

This eNote investigates an important type of transformation (or map) between vector spaces,
viz. linear transformations. It is shown that the kernel and the range for linear transformations
are subspaces of the domain and the codomain, respectively. When the domain and the
codomain have finite dimensions and a basis has been chosen for each, questions about linear
maps can be standardized. In that case a linear transformation can be expressed as a product
between a so-called standard matrix for the transformation and the coordinates of the vectors
that we want to map. Since standard matrices depend on the chosen bases, we describe how the
standard matrices are changed when one of the bases or both are replaced. The prerequisite for
the eNote is knowledge about systems of linear equations, see eNote 6, about matrix algebra, see
eNote 7 and about vector spaces, see eNote 10.

Updated: 15.11.21 David Brander

12.1  About Maps

A map (also known as a function) is a rule f that for every element in a set A attaches an
element in a set B, and the rule is written f : A — B. A is called the domain and B the
codomain.

CPR-numbering is a map from the set of citizens in Denmark into R'?. Note that there
is a 10-times infinity of elements in the codomain R1?, so luckily we only need a small
subset, about five million! The elements in R!? that in a given instant are in use are the
range for the CPR-map.

Elementary functions of the type f : R — IR. are simple maps. The meaning of the
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arrow is that f to every real number x attaches another real number y = f(x) . Consider
e.g. the continuous function:

y=f(x) = %xz 2. (12-1)
Here the function has the form of a calculation procedure: Square the number, multiply
the result by one half and subtract 2. Elementary functions have a great advantage in
that their graph { (x,vy) |y = f(x) } can be drawn to give a particular overview of the
map (Figure 12.1).

Figure 12.1: Graph of an elementary function

Typical questions in connection with elementary functions reappear in connection with
more advanced maps. Therefore let us as an introduction consider some of the most
important ones:

1. Determine the zeros of f. This means we must find all x for which f(x) = 0. In
the example above the answer is x = —2 and x = 2.

2. Solve for a given b the equation f(x) = b. For b = 6 there are in the example two
solutions: x = —4and x = 4.

3. Determine the range for f . We must find all those b for which the equation f(x) =
b has a solution. In the example the range is [ —2; o0 |.

In this eNote we look at domains, codomains and ranges that are vector spaces. A map
f:V — W attaches to every vector x in the domain V a vector y = f(x) in the codomain
W . All the vectors in W that are images of vectors in V together constitute the range.
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lll Example 12.1 Mapping from a Vector Space to a Vector Space
A map g:R**® — R?*? s given by
Y = g(X) =xX". (12-2)

Thene.g.

12.2 Examples of Linear Maps in the Plane

We investigate in the following a map f that has the geometric vectors in the plane as
both the domain and codomain. For a given geometric vector x we will by X understand
its hat vector, i.e. x rotated 71/2 counter-clockwise. Consider the map f given by

y = f(x) =2%. (12-3)

To every vector in the plane there is attached its hat vector multiplied (extended) by 2.
In Figure 12.2 two vectors u and v and their images f(u) and f(v) are drawn.

Figure 12.2: Two vectors (blue) and their images (red).

Figure 12.2 gives rise to a couple of interesting questions: How is the vector sum u + v
mapped? More precisely: How is the image vector f(u + v) related to the two image
vectors f(u) and f(v)? And what is the relation between the image vectors f(ku) and

f(u), when k is a given real number?
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Figure 12.3: Construction of f(u + v) and f(ku).

As indicated in Figure 12.3, f satisfies two very simple rules:

flutv) = f(u) + f(v) and f(ku) =kf(u).
Using the well known computational rules for hat vectors

l.u+v=1a+V.

we can now confirm the statement (12-4):

flu+v)=2u+v=2(a+%v) =2a+2¢
= f(u) + f(v)
f(ku) = 2ku = 2ké = k(24)
=kf(u)

(12-4)
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lll Exercise 12.2

A map f; of plane vectors is given by fi(v) = 3v:

Scaling of vectors

Draw a figure that demonstrates that f; satisfies the rules (12-4).

lll Exercise 12.3

In the plane a line [ through the origin is given. A map f, reflects vectors drawn from the

originin [:

f(v)

Reflection of a vector

Draw a figure that demonstrates that f, satisfies the rules (12-4).
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lll Exercise 12.4

A map f3 turns vectors drawn from the origin the angle t about the origin counterclockwise:

Rotation of a vector

Draw a figure that demonstrates that f3 satisfies the rules (12-4).

All maps mentioned in this section are linear, because they satisfy (12-4). We now turn
to a general treatment of linear mappings between vector spaces.

12.3 Linear Maps

Il Definition 12.5 Linear Map

Let V and W be two vector spaces and let L denote either RorC. Amap f:V — W
is called linear if for all u,v € V and all scalars k € L it satisfies the following two
linearity requirements:

Ly f(utv) = f(u)+f(v).
Ly: f(ku)=kf(u).

V is called the domain and W the codomain for f .
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By putting k = 0 in the linearity requirement L; in the definition 12.5, we see

\Q ~ | that
F(0)=0. (12-5)

In other words for every linear map f : V — W the zero vector in V is mapped
to the zero vector in W'.

' d
~

The image of a linear combination becomes in a very simple way a linear com-
‘Q - | bination of the images of the vectors that are part of the given linear combina-
tion:

-~
~

flkivi +kovo + ...+ kpvy) = kif(vi) +kof(v2) + ...+ kpf(vp).  (12-6)

This result is obtained by repeated application of L1 and L,.

|l Example 12.6 Linear Map

Amap f:R?>— R* is given by the rule
f(x1/x2> = (O/ X1,%X2, X1 + xZ) . (12_7)

R? and IR* are vector spaces and we investigate whether f is a linear map. First we test the
left hand side and the right hand side of L; with the vectors (1,2) and (3,4):

£((1,2)+ (3,4)) = f(4,6) = (0,4,6,10).
£(1,2) + £(3,4) = (0,1,2,3) + (0,3,4,7) = (0,4,6,10).

Then L, is tested with the vector (2,3) and the scalar 5:

£(5-(2,3)) = £(10,15) = (0,10,15,25).
5-£(2,3) =5-(0,2,3,5) = (0,10,15,25).

The investigation suggests that f is linear. This is now shown generally. First we test L1:

fl(x1,x2) + (Y1, y2) ) = f(x1+y1,x2+y2) = (0,51 +y1, X2+ Y2, x1 + X2+ Y1 + Y2) -
f(x1,x2) + f(y1,y2) = (0,x1,x2,x1 + x2) + (0, y1, ¥2, 41 + ¥2)
=(0,x1+y1,x2+y2,x1+x2+y1+Yy2).

Then we test L,:

flk-(x1,x2)) = f(k-x1,k-x2) = (0,k-x1,k-x0,k-x1+k-x2).
k- f(x1,x2) =k-(0,x1,x2,x1 +x2) = (0,k-x1,k-x2,k-x1+k-x).

It is seen that f satisfies both linearity requirements and therefore is linear.
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lll Example 12.7 A Map that is Not Linear

In the example 12.1 we considered the map g : R?*3 — R?*2 given by
Y =g(X) =xX". (12-8)

That this map is not linear, can be shown by finding an example where either L; or L, is not
valid. Below we give an example of a matrix X that does not satisfy g(2X) =2g(X):

e R A | B A

00

l(y 5 o= o ol o] fs o[z 2]

Therefore g does not satisfy the linearity requirements L, hence g is not linear.

|l Example 12.8 Linear Map

A map f: P,(R) — Ris given by the rule
F(P(x)) =P(1). (12-9)

For every second degree polynomial the slope of the tangent at x = 1 is attached. An arbi-
trary second degree polynomial P can be written as P(x) = ax? + bx + ¢, where 4,b and c are
real constants. Since P’(x) = 2ax + b we have:

f(P(x)) =2a+b.
If we put Py(x) = a;x> + byx + c1 and Py(x) = axx? + bax + ¢, we get
f(P1 (x) + Pz(x) ) = f( (ﬂl + (Zz)xz + (bl + bz)x + (C] + Cz) )
= (2(m +a2) + (b1 + b2) )
= (26!1 + bl) + (25[2 + bz)
= f(Pi(x)) + f(P2(x))
Furthermore for every real number k and every second degree polynomial P(x):
f(k-P(x)) = f(k-ax*+k-bx+k-c)
=2k-a+k-b)=k-(2a+Db)
=k-f(P(x)).



eNote 12 |||| 12.4 KERNEL AND RANGE 9

It is hereby shown that f satisfies the linearity conditions L; and L;, and that f thusis a linear
map.

lll Exercise 12.9

By C*(IR) we understand the vector space consisting of all functions f : R — R that can be
differentiated an arbitrary number of times. One example (among infinitely many) is the sine
function. Consider the map D : C*(R) — C®(IR) that to a function f(x) € C®(R) assigns its
derivative:

D(f(x)) = f'(x).

Show that D is a linear map.

12.4 Kernel and Range

The zeros of an elementary function f : R — R are all the real numbers x that satisfy
f(x) = 0. The corresponding concept for linear maps is called the kernel. The range
of an elementary function f : R — R are all the real numbers b for each of which a
real number x exists such that f(x) = b. The corresponding concept for linear maps is
also called the range or image. The kernel is a subspace of the domain and the range is a
subspace of the codomain. This is now shown.

Il Definition 12.10  Kernel and Range

By the kernel of a linear map f : V — W we understand the set:
ker(f)={xeV]|f(x)=0cW}. (12-10)
By the range or image of f we understand the set:

f(V) ={b € W|At least one x € V exists with f(x) =b} . (12-11)
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ll Theorem 12.11  The Kernel and the Range are Subspaces
Let f: V — W be a linear map. Then:
1. The kernel of f is a subspace of V.

2. The range f(V) is a subspace of W'.

Il Proof

1) First, the kernel is not empty, as f(0) = 0 by linearity. So we just need to prove that the
kernel of f satisfies the stability requirements, see Theorem 11.42. Assume that x; € V and
xp € V, and that k is an arbitrary scalar. Since (using L1 ):

fa+x)=fla)+fx)=0+0=0,
the kernel of f is stable with respect to addition. Moreover (using L, ):
f(kxl) = kf(Xl) =k0= 0,

the kernel of f is also stable with respect to multiplication by a scalar. In total we had shown
that the kernel of f is a subspace of V.

2) The range f(V) is non-empty, as it contains the zero vector. We now show that it satisfies
the stability requirements. Suppose that b; € f(V) and b, € f(V), and that k is an arbitrary
scalar. There exist, according to the definition, see (12.10), vectors x; € V and x, € V that
satisfy f(x1) = by and f(x2) = b,. We need to show that there exists an x € V such that
f(x) = by + by. There is, namely x = x; + x7, since

fxa+x2) = f(x1) + f(x2) =b1 + ba.

Hereby it is shown that f(V) is stable with respect to addition. We will, in a similar way,
show that there exists an x € V such that f(x) = kb . Here we choose x = kx; , then

f(x) = flkxa) = kf(x1) = kby,

from which it appears that f(V) is stable with respect to multiplication by a scalar. In total
we have shown that f(V)is a subspace of W.
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But why is it so interesting that the kernel and the range of a linear map are subspaces?
The answer is that it becomes simpler to describe them when we know that they possess
vector space properties and we thereby in advance know their structure. It is particu-
larly elegant when we can determine the kernel and the range by giving a basis for
them. This we will try in the next two examples.

lll Example 12.12 Determination of Kernel and Range

A linear map f : R®> — R? is given by the rule:

f(x1,x0,x3) = (x1+2x2 +x3, —x1 —2X2 — x3) . (12-12)
We wish to determine the kernel of f and the range f(IR®) (note that it is given that f is linear.
So we omit the proof of that).

Determination of the kernel:
We shall solve the equation
X1 +2x2+X3] _ [0]

f(x):0®[—x1—2x2—x3 0

This is a system of linear equations consisting of two equations in three unknowns. The
corresponding augmented matrix is

1 2 10 1210
T_[—1 2 1 o]ﬁrref(T)_[o 0 0 0]

We see that the system of equations has the solution set

X1 -2 -1
Xy | =1 0.
X3 1

1

0
The solution set is spanned by two linearly independent vectors. Therefore we can conclude
that the kernel of f is a 2-dimensional subspace of R? that is precisely characterized by a
basis:

(12-13)

+ 1

Basis for the kernel : ((—2,1,0),(—1,0,1)).

N,
Determination of the range:
We shall find all those b = (by, by) for which the following equation has a solution:

_ x1+20+x3] [ )
A al 21

There is an entire plane of vectors in the space, that by insertion into the expression
for f give the image 0. This basis yields all of them.
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) Note, that it is not x1, x» and x3, we are looking for, as we usually do in such a system
a of equations. Rather it is b; and b, of the right hand side, which we will determine
exactly in those cases, when solutions exist! Because when the system has solution of a
particular right hand side, then this right-hand side must be in the image space that

we are looking for.

This is a system of linear equations consisting of two equations in three unknowns. The
corresponding augmented matrix is

12 1 121 by
T—[_l o 1 bz]%rref(T)_[O 00 by tby
If by + by, = 0, thatis if by = —b, the system of equations has infinitely many solutions. If

on the contrary by + by # 0 there is no solution. All those b = (b,b,) € R? that are images
of at least one x € R? evidently tcan be written as:

by | / -1
by | 1]
We conclude that f(V) is a 1-dimensional subspace of IR? that can be characterized precisely

by a basis:
Basis for the range : ((—1,1)).

\

Figure 12.4: Two vectors in the kernel (Exercise 12.13)



eNote 12 ||| 12.4 KERNEL AND RANGE 13

lll Exercise 12.13  Determination of Kernel and Range

In example 12.8 it was shown that the map f : P,(R) — R given by the rule
f(P(x)) =P'(1). (12-15)

is linear. The kernel of f consists of all second degree polynomials that satisfy P'(1) = 0.
The graphs for a couple of these are shown in Figure 12.4:

‘ Determine the kernel of f.

In eNote 6 the relation bewteen the solution set for an inhomogeneous system of linear
equations and the corresponding homogeneous linear system of equations is presented
in Theorem 6.37 (the structural theorem). We now show that a corresponding relation
exists for all linear equations.

lll Theorem 12.14  The Structural Theorem for Linear Equations

Let f: V — W be a liner map and y an arbitrary proper vector in W . Furthermore
let xp be an arbitrary (so-called particular) solution to the inhomogeneous linear
equation

fx)=y. (12-16)
Then the general solution L;,j,,, to the linear equation is given by
Linhom = { X =xo +x1 [ x1 € ker(f) } , (12-17)
or in short
Linnom = xo + ker(f). (12-18)
|l Proof

The theorem contains two assertions. The one is that the sum of xp and an arbitrary vector
from the ker(f) belongs to Lj,uon - The other is that an arbitrary vector from L;,y, can be
written as the sum of xg and a vector from ker(f). We prove the two assertions separately:



eNote 12 ||| 12.5 MAPPING MATRIX 14

1. Assume x; € ker(f). Then it applies using the linearity condition L; :
fa+x0) =f(x1) + f(x) =0+y=y (12-19)
by which it is also shown that x; + Xp is a solution to (12-16).
2. Assume that xo € Lj,;0p, - The it applies using the linearity condition L; :
f(xa—x0) = f(x2) — f(x0) =y —y=0< x2 —xp € ker(f). (12-20)
Thus a vector x; € ker(f) exists that satisfy
Xp — X0 = X] < X2 = Xg + X1 (12-21)

whereby we have stated x, in the form wanted. The proof is hereby complete.

lll Exercise 12.15

Consider the map D : C*(R) — C*(R) from Exercise 12.9 that to the function f € C*(R)
relates its derivative:

D(f(x)) = f'(x).

‘ State the complete solution to inhomogeneous linear eequation

D(f(x)) = 2

and interprete this in the light of the structural theorem.

12.5 Mapping Matrix

All linear maps from a finite dimensional domain V to a finite dimensional codomain
W can be described by a mapping matrix. This is the subject of this subsection. The
prerequisite is only that a basis for both V and W is chosen, and that we turn from vector
calculation to calculation using the coordinates with respect to the chosen bases. The
great advantage by this setup is that we can construct general methods of calculation
valid for all linear maps between finite dimensional vector spaces. We return to this
subject, see section 12.6. First we turn to mapping matrix construction.
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Let A be a real or complex m x n—matrix. We consider amap f : IL" — IL" that has the
form of a f matrix-vector product:

y = f(x) = Ax. (12-22)

Using the matrix product computation rules from Theorem 7.13, we obtain for every
choice of x1,x, € R" and every scalar k:

f(Xl + Xz) =A (Xl + Xz) = Ax; + Axp = f(Xl) +f(X2) ,

fkx1) = A (kx1) = k(Axq) = kf(x1).

We see that the map satisfies the linearity requirements L1 and L, . Therefore every map
of the form (12-22) is linear.

|l Example 12.16  Matrix-Vector Product as a Linear Map

Y1 1 2 X X1+ 2xp
vw|=13 4 [Xl]: 3x1 + 4x;
Y3 5 6|72 5x1 4 6x2

defines a particular linear map from the vector space IR? to the vector space R®.

The formula:

But also the opposite is true: Every linear map between finite-dimensional vector spaces
can be written as a matrix-vector product in the form (12-22) if we replace x and y with
their coordinates with respect to a chosen basis for the domain and codomain, respec-
tively. This we show in the following.

We consider a linear map f : V — W where V is an n-dimensional and W is an m-
dimensional vector space, see Figure 12.5

For V a basis a is chosen and for W a basis c. This means that a given vector x € V
can be written as a unique linear combination of the a-basis vectors and that the image
y = f(x) can be written as a unique linear combination of the c-basis vectors:

X = x1a1 + Xap + ...+ xpa, and y = y1¢1 +Y2€2 + -+ - + YmCom -

This means that (x1, xp, ..., x,) is the set of coordinates for x with respect to the a-basis,
and that (y1,y2, ..., Ym) is the set of coordinates for y with respect to the c-basis.
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V meddim=n W med dim=m

X /—f\\/ﬂ;)

a-basis: (as, az, ..., ap ) c-basis: (cq, C2, ..., Cm)

Figure 12.5: Linear map

We now pose the question: How can we describe the relation between the a-coordinate
vector for the vector x € V and the c-coordinate vector for the image vector y? In other
words we are looking for the relation between:

n X1

X

Yy = ]/2. and ,x = 2
Ym Xn

This we develop through the following rewritings where we first, using L and L,, get
y written as a linear combination of the images of the a-vectos.

y = f(x)
= f(x1a; + xpap + - - - + xpay)
— i flan) + 22 (@) + -+ xuflan).

Hereafter we can investigate the coordinate vector for y with respect to the c-basis, while
we first use the cooordinate theorem, see Theorem 11.34, and thereafter the definition
on matrix-vector product, see Definition 7.7.

oy = c(x1f(a1) +xof (ag) +- -+ xuf(an))
=x1cf(a1) +x2cf(a2) + -+ xncf (an)
:[Cf(al) of(az) -+ Cf(an)]ax'
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The matrix [f(a1) f(az) -+ cf(an)] in the last equation is called the mapping ma-
trix for f with respect to the a-basis for V and the c-basis for W.

Thus we have achieved this important result: The coordinate vector .y can be found
by multiplying the coordinate vector ,x on the left by the mapping matrix. We now
summarize the results in the following.

Il Definition 12.17 Mapping Matrix

Let f : V — W be a linear map from an n-dimensional vector space V to an m-
dimensional vector space W . By the mapping matrix for f with respect to the basis
a of V and basis ¢ of W we understand the m x n-matrix:

cFa:[cf(al) cf(aZ) cf(an)} (12'23)

The mapping matrix for f thus consists of the coordinate vectors with respect to the
basis c of the images of the n basis vectors in basis a.

The main task for a mapping matrix is of course to determine the images in W of the
vectors in V, and this is justified in the following theorem which summarizes the inves-
tigations above.
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ll Theorem 12.18 Main Theorem of Mapping Matrices

Let V be an n-dimensional vector space with a chosen basis a and W an m-
dimensional vector space with a chosen basis c.

1. For a linear map f : V — W it is valid that if y = f(x) is the image of an
arbitrary vector x € V, then:

cy = cFaax (12-24)

where (F, is the mapping matrix for f with respect to the basis a of V and the
basis ¢ of W.

2. Conversely, assume that the images y = g(x) foramap ¢ : V. — W can be
obtained in the coordinate form as

Yy = Gaax (12-25)

where (G, € L"*" . Then g is linear and G, is the mapping matrix for ¢ with
respect to the basis a4 of V and basis ¢ of W.

Below are three examples of the construction and elementary use of mapping matrices.

lll Example 12.19  Construction and Use of a Mapping Matrix

f(x)

<

Figure: Linear rotation about the origin
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Rotation of plane vectors drawn from the origin is a simple example of a linear map, see
Exercise 12.4. Let v be an arbitrary angle, and let f be the linear mapping that rotates an
arbitrary vector the angle v about the origin counterclockwise, (see the figure above).

We wish to determine the mapping matrix for f with respect to the standard basis for vectors
in the plane. Therefore we need the images of the basis vectors i and j:

—h
=)
=

f() v

Figure: Determination of mapping matrix

It is seen that f(i) = (cos(v),sin(v)) and f(j) = (—sin(v),cos(v)). Therefore the mapping
matrix we are looking for is

[ —anie)

¢ | sin(v)  cos(v)

The coordinates for the image y = f(x) of a given vector x are thus given by the formula:
yi| [cos(v) —sin(v) ][ x
y2| |sin(v)  cos(v) || x2 ]’

lll Example 12.20 Construction and Use of a Mapping Matrix

In a 3-dimensional vector space V, a basis 4 = (aj, ap, a3)is chosen, and in 2-dimensional
vector space W a basis c = (c1,¢2) is chosen. A linear map f:V — W satisfies:

f(a;) =3c1 +¢2, f(ag) =6¢1 —2¢; and f(a3) = —3¢1 + 2. (12-26)

We wish to find the image under f of the vector v = a; + 2a; + a3 € V using the mapping
matrix (F,. The mapping matrix is easily constructed since we already from (12-26) know
the images of the basis vectors in V' :

Fa=[cf(a1) of(a) cf(a3)]:[? —g _ﬂ
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Since v has the set of coordinates (1,2, 1) with respect to basis a, we find the coordinate vector

for f(v) like this:
f(v) = Faav = [i _g _ﬂ E] :[_15} :

Hence we have found f(v) = 12¢; — 2¢;.

lll Example 12.21  Construction and Use of a Mapping Matrix

A linear map f : R* — RR® is given by:

X1+ 2xp + x4
f(x1,x2,x3,%4) = | 2x7 — X2+ 2x3 — x4 (12-27)

X1 — 3xp + 2x3 — 2x4

Let us determine the mapping matrix for f with respect to the standard basis e of R* and the
standard basis e of R?. First we find the images of the four basis vectors in R* using the rule
(12-27):

1 2
£(1,0,0,0)=1{2|, £(0,1,0,0)=| -1,
|1 [ =3
0 R
£(0,0,1,0) =2 |, £(0,0,0,1) =] —1
[ 2] [ —2]

We can now construct the mapping matrix for f:
1 20 1
eFe=12 -1 2 —-1}{. (12-28)
1 -3 2 =2

We wish to find the image y = f(x) of the vector x = (1,1,1,1). At our disposal we have of
course the rule (12-27), but we choose to find the image using the mapping matrix:

1 20 1 1 4
ey =cFeex=12 -1 2 -1 1 = 2.
1 -3 2 =2 1 -2

Thus we have found thaty = f(1,1,1,1) = (4,2, -2).
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lll Exercise 12.22

In the plane is given a customary (O, 1, j)-coordinate system. Reflection of position vectors
about the line y = 3x is a linear map, let us call it s.

Determine s(i) and s(j), construct the mapping matrix ¢S, for s and determine an expression
k for the reflection of an arbitrary position vector v with the coordinates (v, vp) with respect
to the standard basis. The figure below contains some hints for the determination of s(i).
Proceed similarly with s(j) .

Reflection of the standard basis vectors.

12.6  On the Use of Mapping Matrices

The mapping matrix tool has a wide range of applications. It allows us to translate
questions about linear maps between vector spaces to questions about matrices and
coordinate vectors that allow immediate calculations. The methods only require that
bases in each of the vector spaces be chosen, and that the mapping matrix that belongs
to the two bases has been formed. In this way we can reduce problems as diverse as
that of finding polynomials with certain properties, finding the result of a geometrical
construction and finding the solution of differential equations, to problems that can be
solved through the use of matrix algebra.

As a recurrent example in this section we look at a linear map f : V. — W where V
is a 4-dimensional vector space with chosen basis a = (a1, ap, a3, a4), and where W is a
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3-dimensional vector space with chosen basis ¢ = (c1, ¢z, ¢3) . The mapping matrix for f
is:

1 3 -1 38
F.=[2 0 4 —2f. (12-29)
1 -1 3 —4

12.6.1 Finding the Kernel of f

To obtain the kernel of f you must find all the x € V that are mapped to 0 € W. That is
you solve the vector equation

f(x) =o.
This equation is according to the Theorem 12.18 equivalent to the matrix equation
cFaax =0
1 3 -1 8 zl 0
s2 0 4 -2 x2 =10
1 -1 3 —4||3 0
X4

that corresponds to the homogeneous system of linear equations with the augmented
matrix:

1 3 -1 8|0 10 2 -1/0
T=(2 0 4 -2|0|—rref(T)=[{0 1 -1 3|0
1 -1 3 —4|0 00 O O0}0

It is seen that the solution set is spanned by two linear independent vectors: (—2,1,1,0)
and (1,—3,0,1). Let v; and v, be the two vectors in V that are determined by the a-
coordinates like this:

a1 = (~2,1,1,0) and 4v; = (1,-3,0,1).

Since the two coordinate vectors are linearly independent, (v1,v») is a basis for the
kernel of f, and the kernel of f has the dimension 2.

Point: The number n = 4 of unknowns in the solved system of equations is by definition
equal to the number of columns in (F, that again is equal to dim(V'), see definition 12.17.
Moreover we notice that the coefficient matrix of the system of equations is equal to F, .
If the rank of the coefficient matrix is k , we know that the solution set, and therefore the
kernel, will be spanned by (n — k) linearly independent directional vectors where k is
the rank of the coefficient matrix. Therefore we have:

dim(ker(f)) =n—p(Fa) =4—-2=2.



eNote 12 ||| 12.6 ON THE USE OF MAPPING MATRICES 23

lll Method 12.23  Determination of the Kernel

In a vector space V a basis a is chosen, and in a vector space W a basis c is chosen.
The kernel of a linear map f : V — W, in coordinate form, can be found as the
solution set for the homogeneous system of linear equations with the augmented
matrix

T=[Fa|c0].

The kernel is a subspace of V' and its dimension is determined by:

dim(ker(f)) = dim(V) —p (cFa) . (12-30)

12.6.2 Solving the Vector Equation f(x) = b

How can you decide whether a vector b € W belongs to the image for a given linear
map? The question is whether (at least) one x € V exists that is mapped to b. And
the question can be extended to how to determine all x € V with this property that is
mappedinb.

We consider the linear map f : V — W that is represented by the mapping matrix
(12-29) and choose as our example the vector b € W that has c-coordinates (1,2,3) . We
will solve the vector equation

f(x)=Db.
If we calculate with coordinates the vector equation corresponds to the following matrix
equation

Faax=¢b
that is the matrix equation
1 3 -1 81| 1
2 0 4 —20|M|=]2
1 -1 3 —4||™ 3
Xg

that corresponds to an inhomogeneous system of linear equations with the augmented

matrix:
3 —1 811

1
T=|2 0 4 =22
1 -1 3 —4|3
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that by Gauss-Jordan elimination is reduced to

10
rref(T) =0 1 —
00

SO =N
S W
—_ o O

Since the rank of the augmented matrix is larger than the rank of the coefficient matrix,
the inhomogeneous system of equations has no solutions. We have thus found a vector
in W that has no “original vector” in V.

lll Method 12.24  Solution of the Vector Equation f(x) = b

In a vector space V a basis a is chosen, and in a vector space W a basis c is chosen.
For a linear map f : V — W, and a proper vector b € W, the equation

f(x)=b

can be solved using the inhomogeneous system of linear equations that has the aug-
mented matrix
T = [cFa ‘ cb]

If solutions exist and x is one of these solutions the whole solution set can be written
as:

xo + ker(f).

An inhomogeneous system of linear equation consisting of m equations in n
unknowns, with the coefficient matrix A and the right-hand side b can in
matrix form be written as

Q Ax=Db.

Themap f:L" — IL™ given by

-~
~

f(x) = Ax

is linear. The linear equation f(x) = b is thus equivalent to the considered
system of linear equations. Thus we can see that the structural theorem for
systems of linear equations (see eNote 6 Theorem 6.37) is nothing but a partic-
ular case of the general structural theorem for linear maps (Theorem 12.14).
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12.6.3 Determining the Image Space

Above we have found that the image space for a linear map is a subspace of the codomain,
see theorem 12.11. How can this subspace be delimited and characterized?

Again we consider the linear map f : V — W that is represented by the mapping ma-
trix (12-29). Since the basis (ay, ap, a3, a4) for V is chosen we can write all the vectors in
V at once:

X = X1a1 + Xpa + X3a3z + Xza4,

where we imagine that x1, xp, x3 0g x4 run through all conceivable combinations of real
values. But then all images in W of vectors in V can be written as:

f(x) = f(x1a1 + x0ap + x3a3 + x4a4)
= x1f(a1) + x2f (a2) + x3f (as) + x4f(ag),

where we have used L og L, and where we continue to imagine that xj, xp,x3 and x4
run through all conceivable combinations of real values. But then:

f(V) = span{ f(a1), f(a2), f(a3), f(as) } -

The image space is thus spanned by the images of the a-basis vectors! But then we can
(according to Method 11.47Method in eNote 11) determine a basis for the image space
by finding the leading 1’s in the reduced row echelon form of

[Cf(al) Cf(az) Cf(ag) Cf(a4)}.

This is the mapping matrix for f with respect to the chosen bases

1 3 -1 8
Fa=[2 0 4 -2
1 -1 3 -4

that by Gauss-Jordan elimination is reduced to

10 2 -1
rref(F,) =10 1 -1 3
00 0 0

To the two leading 1’s in rref(.F,) correspond the first two columns in F,. We thus
conclude:

Let w; and wj be the two vectors in W determined by c-coordinates as:
w1 =(1,2,1) and w, = (3,0,—-1).

Then (w1, wy) is a basis for the image space f(V).
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ll Method 12.25 Determination of the Image Space

In a vector space V a basis a is chosen, and in a vector space W a basis c is chosen.
The image space f(V) for a linear mapping f : V — W can be found from

rref(.F,) (12-31)

in the following way: If there is no leading 1 in the i’th column in (12-31) then f(a;)
is removed from the vector set ( f(a1), f(az),..., f(an)). After this thinning the
vector set constitutes a basis for f(V).

Since the number of leading 1’s in (12-31) is equal to the number of basis vectors in
the chosen basis for f(V) it follows that

dim(f(V)) = p(cFa) . (12-32)

12.7 The Dimension Theorem

In the method of the preceding section 12.23 we found the following expression for the
dimension of the kernel of a linear map f : V — W:

dim(ker(f)) = dim(V) —p (Fa). (12-33)
And in method 12.25 a corresponding expression for the image space f(V):
dim(f(V)) = p (cFa)- (12-34)

By combining (12-33) and (12-34) a remarkably simple relationship between the domain,
the kernel and the image space for a linear map is achieved:

ll Theorem 12.26  The Dimension Theorem (or Rank-Nullity Theorem)

Let V and W be two finite dimensional vector spaces. For a linear map f : V — W
we have:

dim(V) = dim(ker(f) ) +dim( f(V)).
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Here are some direct consequences of Theorem 12.26:

N
~ -

The image space for a linear map can never have a higher dimension than the
domain.

!
\Q ~ | If the kernel only consists of the 0-vector, the image space keeps the dimension
of the domain.

N

e

lll Exercise 12.27

If the kernel has the dimension p > 0, then p dimensions disappear through the
map.

A linear map f : R® — R has, with respect to the standard basis for IR?, the mapping matrix

1 1
Fe =12 0].
3 0

It is stated that the kernel of f has the dimension 1. Find by mental calculation, a basis for

fv).

N = DN
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lll Exercise 12.28

In 3-space a standard (O, 1i,j, k)-coordinate system is given. The map p projects position
vectors down into (x, y)-plane in space:

Projection down into the (X, Y)-plane

Show that p is linear and construct the mapping matrix (P for p. Determine a basis for the
kernel and the image space of the projection. Check that the Dimension Theorem is fulfilled.

12.8 Change in the Mapping Matrix when the Basis is
Changed

In eNote 11 it is shown how the coordinates of a vector change when the basis for the
vector space is changed, see method 11.40. We begin this section by repeating the most
important points and showing two examples.

Assume thatin V an a-basis (aj, ay, . . .,a,) is given, and that a new b-basis (by, by, ..., by)
is chosen in V. If a vector x has the b-coordinate vector ,x, then its a-coordinate vector
can be calculated as the matrix vector-product

aV = aMppv (12-35)
where the change of basis matrix ,M,, is given by

aMp =[aby aby ... ab,]. (12-36)
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We now show two examples of the use of (12-36). In the first example the “new” coor-
dinates are given following which the “old” are calculated. In the second example it is
vice versa: the “old” are known, and the “new” are determined.

lll Example 12.29 From New Coordinates to Old

In a 3-dimensional vector space V a basis a = (aj,ap, a3) is given, following which a new
basis b is chosen consisting of the vectors

b; = a; — a3z, b, =2a; —2a, + a3 and by = —3a; +3ap; — a3.

Problem: Determine the coordinate vector ,x for x = by + 2b, + 3bs.

1 2 -37[1 —4
X=Mypx=| 0 —2 3||2]|=| 5]. (12-38)
-1 1 -1][3 -2

lll Example 12.30 From OIld Coordinates to New

Solution: First we see that

LWDN -

1 2 -3
and M, = 0 -2 3]. (12-37)

1 1 -1

Then we get

In a 2-dimensional vector space W a basis ¢ = (c1, ¢z) is given, following which a new basis
d is chosen consisting of the vectors

di =21+ and dp) = c; +¢3.
Problem: Determine the coordinate vector 4y for y = 10c¢; + 6c3 .

Solution: First we see that

21

Cy:[lg] and CMd:[l 1] = 4M, = (CMd)‘lz[_i _;] (12-39)

Then we get

dy=ndcy=[_1 _;ng}z[ﬂ. (12-40)
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We now continue to consider how a mapping matrix is changed when the basis for the
domain or the codomain is changed.

For two vector spaces V and W with finite dimension the mapping matrix for a linear
map f:V — W can only be constructed when a basis for V and a basis for W are cho-
sen. By using the mapping matrix symbol .F, we show the foundation to be the pair of
given bases a of V and c of W.

Often one wishes to change the basis of V or the basis of W. In the first case the co-
ordinates for those vectors x € V will change while the coordinates for their images
y = f(x) are unchanged; in the second case it is the other way round with the x coor-
dinates remaining unchanged while the image coordinates change. If the bases of both
Vand W are changed then the coordinates for both x and y = f(x) change.

In this section we construct methods for finding the new mapping matrix for f, when
we change the basis for either the domain, the codomain or both. First we show how
a vector’s coordinates change when the basis for the domain is changed (as in detail in
Method 11.40 in eNote 11.)

12.8.1 Change of Basis in the Domain

V meddim=n W med dim=m

N

b-basis: (b1, ba, ..., by )

1

a-basis: (a1, az, ..., ap ) c-basis: (cq, €2, ..., Cm)

Figure 12.6: Linear map
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In Figure 12.6 a linear map f : V — W is given that, with respect to basis a of V and
basis ¢ of W, has the mapping matrix .F,. We change the basis for V from basis a to
basis b. The mapping matrix for f now has the symbol (F,, . Let us find it. The equation

y = f(x)
is translated into coordinates and rewritten as:
cy = cFaax = cFa (aMb bx) = (cFa aMb) bX.

From this we deduce that the mapping matrix for f with respect to the basis b of V and
basis ¢ of W is formed by a matrix product:

CFb - cFa aMb . (12'41)

ll Example 12.31 Change of a Mapping Matrix

We consider the 3-dimensional vector space V that is treated in Example 12.29 and the 2-
dimensional vector space W that is treated in Example 12.30. A linear map
f:V — W is given by the mapping matrix:

9 12 7
CFa_[6 8 5]'

Problem: Determine y = f(x) where x = by + 2by + 3bs.

Solution: We try two different ways. 1) We use a-coordinates for x as found in (12-37):

R |9 127 _‘51_10
Yo e s 5] | L6l

2) We change the mapping matrix for f:

1 2 =3
9 12 7 21 2
ch = Fa aMb = [ ] 0 -2 3= I: :| .
6 85]| - 7 | l111

Then we can directly use the given b-coordinates for x:

o [212 ;_10
Cy_Cbb_lll _6'

In either case we get y = 10c¢; + 6¢; .

@
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12.8.2 Change of Basis in the Codomain

V meddim=n W med dim=m

N

d-basis: (dq, dz, ..., dm)

1

a-basis: (a1, az, ..., ap ) c-basis: (cyq, €2, ..., Cm)

Figure 12.7: Linear map

In Figure 12.7 a linear map f : V. — W is given that, with respect to the basis a of V and
basis c of W has a mapping matrix .F,. We change the basis for W from basis c to basis
d . The mapping matrix for f now has the symbol 4F,. Let us find it. The equation

y=fx)
is translated into the matrix equation
cy = cFaax

that is equivalent to
aMc cy = aMc (cFa ax)
from which we get that
4y = (aMc cFa) ax.

From this we deduce that the mapping matrix for f with respect to the a-basis for V and
the d-basis for W is formed by a matrix product:

dFa = gMc cFa. (12-42)
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ll Example 12.32 Change of Mapping Matrix

We consider the 3-dimensional vector space V that is treated in Example 12.29 and the 2-
dimensional vector space W that is treated in Example 12.30. A linear map
f:V — W is given by the mapping matrix:

9 12 7
m=lo 5 1)

Problem: Given the vector x = —4a; + 5a; — 2a3. Determine the image y = f(x) as a linear
combination of d; and d» .

Solution: We try two different ways.
1) We use the given mapping matrix:

_p o _|9127 _‘51_10
Yo e s 5] | L6l

And translate the result to d-coordinates using (12-40):

= =[ 3 5] 'e)=]3]

2) We change the mapping matrix for f using (12-39):

1 —1][9 12 7] [3 4 2
dFa_dM“Fa_[—1 2”6 8 5}_[3 4 3]‘

Then we can directly read the d-coordinates:

_E |3 42 _‘;_4
dy = d¥aaX =15 4 3 Sl

In both cases we gety = 4d; +2d,.

12.8.3 Change of Basis in both the Domain and Codomain

In Figure 12.8 a linear map f : V — W is given that, with respect to the basis a for V
and basis c for W, has the mapping matrix .F,. We change the basis for V from basis
a to basis b, and for W from basis c to basis d. The mapping matrix for f now has the
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V meddim=n W med dim=m
f
/—\\
X
y =f(x)
b-basis: (by, ba, ..., b,) d-basis: (dy, dz, ..., dm )
a-basis: (a1, az, ..., an ) c-basis: (cq, C2, ..., Cm)

Figure 12.8: Linear map

symbol 4F; . Let us find it. The equation

y=rf(x)
corresponds in coordinates to
cy = cFaax
that is equivalent to
dMccy = aMc (cFa (aMb bx) )
from which we obtain
ay = (aMc cFaaMy) px.

From here we deduce that the mapping matrix for f with respect to b-basis of V and
d-basis of W is formed by a matrix product:

aFp = aMc Fa oMy . (12-43)

lll Example 12.33 Change of Mapping Matrix

We consider the 3-dimensional vector space V that is treated in example 12.29, and the 2-
dimensional vector space W that is treated in example 12.30. A linear map f : V — W is

given by the mapping matrix:
F— [9 12 7]
cta — .

6 8 5
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Problem: Given the vector x = by + 2b, + 3b3. Determine y = f(x) as a linear combination
of d1 and d2 .

Solution: We change the mapping matrix using (12-39) and (12-37):

1 2 -3
1 —-11((9 12 7 1 01
de:ndcFaaMb:[_l 2H6 g 5]{ 0 -2 3][ ]
-1 1 -1

Then we can directly use the given b-coordinates and directly read the d-coordinates:

_Fx_lol ;_4
dy—dbb—()lo 3—2-

Conclusion: y = 4d; + 2d;.

The change of basis in this example turns out to be rather practical. With the new mapping
matrix 4F, itis much easier to calculate the image vector: You just add the first and the third
coordinates of the given vector and keep the second coordinate!

12.8.4 Summary Concerning Change of Basis

We gather the results concerning change of basis in the subsections above in the follow-
ing method:
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ll Method 12.34 Change of Mapping Matrix when Changing the Basis

For the vector space V are given a basis 4 = (aj,ap,...,a,) and a new basis b =
(by,by,...,by). For the vector space W are given a basis ¢ = (¢1,¢p,...,¢,) and a
new basis d = (d,dy,...,dy).

If f is a linear map f : V — W that, with respect to basis a of V and basis ¢ of W,
has the mapping matrix F, , then:

1. The mapping matrix for f with respect to basis b of Vand basis c of W is

Fp = FaaMp. (12-44)

2. The mapping matrix for f with respect to basis a of V and basis d of W is
aFa = (Ma) " Fa = gMe oFa. (12-45)

3. The mapping matrix for f with respect to basis b of V and basis d of W is

aFp = (Mg) "t FaaMy, = gMc FaaMy . (12-46)

In the three formulas we have used the change of basis matrices:

aMb:[abl aby - abn} and CMd:[Cdl odp - Cdm]
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